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Introduction. 

Let A be a connected topological space which is homotopic to a finite sim- 
plicial complex. The fundamental group of A can be studied via its represen- 
tations, or equivalently in terms of locally constant sheaves on A. Consider the 
set {Tri{X) , GLn{C))ss of conjugacy classes of all semisimple n dimensional rep- 
resentations. This set has the structure of a (possibly reducible) complex affine 
algebraic variety. This variety contains some canonically defined subsets (in fact 
subvarieties): the cohomology support loci defined by 

S^(A, Gi„(C)) - {p e H\Tn{X),GLn{C))ss\dim H\X, (C")p) > m}, 

where (C")p is the locally constant sheaf with monodromy representation p. These 
sets depend only on the homotopy type of A. 

The primary goal of this work is to obtain a better geometric understanding of 
these sets when A is the Zariski open subset of a compact Kahler manifold (such 
as a smooth quasiprojective variety); these results lead to new restrictions on the 
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homotopy type of such spaces. In this paper, we will primarily study the rank one 
case, and leave the higher rank case for the sequel. 

Let X be a compact Kahler manifold, D C X a. divisor with normal crossings, 
and X = X — D. In chapter V, we obtain the basic structure theorem of S'^(X) = 

T.\{X, C*). 

Theorem. // either X = X or H^{X,C) = then for each integer k > 0, there 
exists a finite number of unitary characters pi G H^{X, C*), and holomorphic maps 
into complex tori (see below) fiiX^Ti such that 

E''{X)^[jpJ*H\T,,C*). 

i 

When X is compact this follows from the work of Green and Lazarsfeld [GL2]. 

In [A], wc outlined an alternative argument using Higgs bundles techniques and 
later Simpson [S2] gave somewhat sharper results along these lines for X a pro- 
jective variety. Unfortunately we have not yet overcome all the technical hurdles 
in the noncompact case, so we have the theorem only under the above restrictive 
hypothesis. However, using slightly different arguments, we obtain the following 
generalization of a result of Beauville [B1,B2] without any such restrictions: 

Theorem. There exists a finite number of torsion characters pi G H^{X,C*), 
unitary characters p'j and surjective holomorphic maps onto smooth curves /ji X — > 
Ci such that 

i:\x) = \Jpj*H\CuC*)^\J{p'j} 

i 3 

The Ti of the first theorem would correspond to the generalized Albancsc va- 
rieties of the Ci. The second theorem yields a number of interesting corollaries. 
For example, it will be shown that the fundamental group of X determines the 
mimbcr of surjective holomorphic maps, with connected fibers, of X onto curves 
with negative Euler characteristic. 

The first theorem is deduced as a corollary of another theorem which shows that 
T,'^{X) is of exponential Hodge type. This will mean that there are a finite number 
of sub-mixed Hodge structures C H^{X,Z) and elements ri G ^/^H^{X,R) 
such that under the exponential map exp: H^{X, C) — > H^{X, C*) we have: 

E'=(A:) = |Jexp(AiOC + ri). 

i 

In chapter II, a criterion is given for a subset S C H^{X, C*) to be of exponential 
Hodge type. When X is compact this boils down to 2 conditions: the set should be 
Zariski closed, and if pexp(6') € E with p € H^{X, U{1)) and 9 G H"{X, n]^) then 
pcxp{t6) G S for all real t close to 1. The Zariski closedness of S'^(A) (and more 
generally Ef„(A, G'Z„(C))) is relatively straight forward and is dealt with chapter 

I. The second condition can be checked using the results established in chapters 

II, III and IV (explained below) which imply that cohomology is invariant under 
rescaling 9. 

Let (V, V) be a pair consisting of a holomorphic vector bundle on X with a 
flat unitary connection. It extends to a pair {V, V) consisting of a vector bundle 
on X and a singular connection in a natural fashion. A (log) Higgs structure on 
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V is a holomorphic map 9:V ^ Vl\{logD) ® V satisfying 6 /\ 9 = 0. Given a 
Higgs structure, the graded sheaf fi^ (log D)®V can be made into a complex using 
either V + or just 6 as the differential. The operator V + 6 defines a new flat 
(nonunitary) connection on V , so we obtain a locally constant sheaf of flat sections 
Ve on X. If ^ G iJ"(ri^ ® Endiy)) is a Higgs fleld without poles, then we establish 
isomorphisms of hypercohomology groups: 

B'{Xyo)=V{n'^{\ogD)®V]\I + 9) (1) 

m*{n'^(\ogD)®V;y + 9) = m'{n'^{\QgD)®V]e) (2). 

The last result, which is theorem 2.1 of chapter IV, is closely related to a theorem 
of Simpson [SI, 2.2]. Simpson's theorem implies that for compact X, an analogue 
of (2) holds where the left side would be replaced by 

Bi*(f]^(iogD) ®v-y + e + e). 

As a corollary of these results, we flnd that the cohomology of Ve is invariant 
under the dilation 9 ^ t9. And this is a crucial step in the proof of the above 
theorems as we have already indicated. It would be reasonable to conjecture that 
the isomorphism (2) holds even when the Higgs fleld 6 has poles. As evidence for 
this, we prove in theorem 2.4 of chapter IV that (2) also holds when V" is a line 
bundle and 9 is of type (1,1). 

In the simplest case where X is compact and V = L\s a. line bundle, (2) can be 
proved by showing that the spectral sequences associated to the stupid filtrations 
abutting to either side degenerate at E2 and the E2 terms are easily see to coincide. 
We know of two proofs of these degeneration results. The first proof which uses 
the 99-lemma (compare [GLl, 3.7]) is quite short, however it does not generalize 
to the "log" setting in any obvious way. The second approach, which is pursued 
here, is modeled on ideas from mixed Hodge theory. The two spectral sequences 
are realized as direct summands of a bigger spectral sequence associated to a C- 
mixed Hodge complex, and the arguments of Deligne [D] can be adapted to prove 
degeneration. The formalism is worked out in chapter III. 

I would like to express my thanks to Hclene Esnault and Eckart Vicwheg for 
their hospitality at Essen where much of the work for the third and fourth chapters 
was done. 

Notation and terminology. 

If A and A arc abclian groups wc write A^ = A ®z A. 

Unfortunately the word "torus" will be used in many different ways in this paper, 
so let us set forth some conventions to distinguish among them. A real torus is a real 
Lie group isomorphic to a product of circles. A com,pact com,plex torus is a complex 
Lie group isomorphic, as a real Lie group, to a product of circles. An affine torus 
is a complex algebraic group isomorphic to a product of C*'s. A complex torus is 
complex Lie group which is an extension of a compact complex torus by an aSiiic 
one. Using the exponential map, one can see that any complex torus is a quotient of 
a complex vector space by a discrete subgroup which contains a basis of the vector 
space. 

Manifolds will be assumed to be connected unless stated otherwise. By a curve, 
we will mean a compact connected complex curve with finitely many points re- 
moved, il^ will denote the sheaf of holomorphic p-forms on a complex manifold. 
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and fi^ (log D) will denote the sheaf of meromorphic }>forms with logarithmic poles 
along a divisor. 

Given a complex A* with differential d, we occasionally denote the cohomology 
groups by H'{A*; d) when we wish to indicate d. 

I. Preliminaries on Local Systems. 

1. Connections. 

Let X be a smooth manifold and let f |- be the sheaf of C°° C- valued forms on 
it. More generally, if V is a C°° complex vector bundle let £xi^) sheaf of 

C°° ^-valued p-forms. A connection on F is a C-linear operator 

V:S°{V)^£\V) 

satisfying the Leibnitz rule: V(/?;) = /V(f ) + df (E) v. V can be extended to a 
graded derivation on £*{V). It can be shown that is multiplication by a fixed 
2-form called the curvature, if it vanishes V is said to be flat or integrable. For 
example, let V be the trivial line bundle, any 1-form determines a connection 
d — 9 on V with curvature —d9. When V is integrable, the differential equation 
Vv = 0,v{x) = vo has a unique solution in any contractible neighborhood ofx G X. 
Global solutions tend to be multivalued, and the multivaluedness is measured by 
the monodromy. 

Let us spell this out when y is a rank n bundle with a flat connection V. Choose 
a Leray covering {Ui} of X, that is an open covering such that intersections of a 
finite number of the given sets are either empty or contractible. We can find a 
basis of nonzero sections Xj,...Xf of V\ui such that VA* = 0. Let pij be the 
change of basis matrix relating Xi\uij and Xj\uij on the intersection Uij = Uid Uj. 
Then {pij} is a constant Cech 1-cocycle with values in GLn{C). We will denote 
the corresponding Cech cohomology class by 

V) e H\X,Gln{C)) ^ ifom(7ri(X),ffl„(C))/conjugacy. 

A straight forward argument shows that: 

Lemma 1.1. Let £^i{X) denote the space of closed 1-forms and let FC denote the 
set of fiat C°° connections on the trivial line bundle, then the diagram 

£li{X) FC 

[]i Mi 
H\X,C) ^ H\X,C*) 

commutes. 

Variant. The trivial bundle can be replaced by any flat line bundle (L, V). Then 
the corresponding diagram (with V replacing d, the set of flat connections on L 
replacing FC, and p,{L, V) • exp replacing exp^ commutes. 

We will be primarily interested in the holomorphic version of all of this. So from 
now on, we will assume that X is a compact complex manifold, = U C X a 
divisor with normal crossings and X = X — D. Let j:X^X denote the inclusion. 
Let F be a holomorphic vector bundle on X. We will usually use the same symbol 
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for the sheaf of holomorphic sections, although sometimes we will write Ox(V) to 
avoid confusion. A C°° connection V on ^ is called holomorphic if the derivative, 
with respect to V, of any local holomorphic section is again holomorphic. This is 
equivalent to requiring that the (0, 1) part of tlic' V is just d. In particular there is at 
most one holomorphic structure on V for which a given connection is holomorphic. 
Given a pair (M, V) consisting of a C°° vector bundle and a flat connection, the 
(0, 1) part is automatically integrable and hence defines a compatible holomorphic 
structure on M. 

In general, there are an infinite number of holomorphic extensions y of ^ to 
X. If V carries a flat holomorphic connection V then there is a unique extension 
V, which we will call the Deligne extension [Dl, II 5], such that V extends to a 
meromorphic connection 

V:F^ f2^(log£>)(g)F 

with residues having eigenvalues with real part in [0, 1). 

Suppose that (V^,V) is a pair as above but without any restrictions on the 
residues. Then V extends to graded derivation of fi*^(logD) (g) V with square 0. In 
particular, we obtain a complex 

0^ V ^n]^{\ogD)(S)V^.... 

Suppose that V = A:erV(F fl^ (S> V) is the locally constant sheaf of flat sections 
on X then the holomorphic Poincare lemma essentially implies that the restriction 
of n^(IogI?) (g) F to X is quasi-isomorphic to V. Thus we obtain a morphism (in 
the derived category of bounded below complexes): 

f2*f(log£»)0y ^Mi*V. 

Proposition 1.2. (Deligne [Dl, II 6.10]^ If none of the eigenvalues of the residues 
of V are positive integers then the above map is an isomorphism, consequently 

H\X,V)^M\X,n'^{logD)<»V) 

for all i. 

When the above conditions are satisfied then as usual we obtain a Hodge to De 
Rham spectral sequence: 

£;f = i?«(X,fiJ(log£))®y) i?f+«(X,V). 

A imitary flat vector bundle on X is a pair (V, V) whose monodromy represen- 
tation lies in 

im[H'(X,U„) ^ H^iX, GL„(C))]. 

Theorem 1.3. (Timmerscheidt [T]) If X is compact Kdhler and {V, V) the Deligne 
extension of unitary flat bundle V then the above spectral sequence degenerates at 
El. 

Saito [Sal,Sa2] has proved much stronger results using variations of Hodge struc- 
tures around the same time. Further discussion of all of this will be given in chapter 
IV. 
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2. Cohomology Support Loci. 

In this section, we will study the cohomology support loci which are sets of 
representations of the fundamental group such that the associated locally constant 
sheaves have nonvanishing cohoinological cohomology. We will show that these 
constraints will be expressible as algebraic conditions on the coefficients of repre- 
sentation, so that these sets will turn out to be Zariski closed. 

First, let us recall the basic facts from invariant theory that will be needed. 

Theorem 2.1. [MF, pp 27-29]. If G is a reductive group acting algebraically on a 
com,plex affine scheme X = SpecR of finite type, then the algebra of invariants 
is finitely generated. Its spectrum X//G = SpecR'^ is the quotient of X by G in 
the category of complex affine schemes. The map is X ^ -^//^ surjective and 
the image of a closed G invariant set is again closed. 

The last part is not explicitly stated in [MF], so we will indicate its proof. Given 
a closed invariant set Wi C X, let p be a point of the complement of the image of 
\Vi in its closure. Let W2 be the fiber over p. Applying [MF, p29 cor. 1.2] yields an 
invariant algebraic function / which is on Wi and 1 on W2, but this contradicts 
the assumption about p. Thus Wi must have closed image. 

Remark. The quotient X//G will not coincide (as a set) with the set of orbits 
X/G , unless all the orbits are closed. 

The above result can be applied to construct the so called character variety [LM, 
S3]. 

Theorem 2.2. Let T be a finitely generated group. Then the functor Y 1-^ HomiV, Gln{II^ {Oy))) 
is representable by an affine scheme Rep of finite type over SpedC. The group 

G/„(C) acts algebraically on Rep by conjugation, and the complex points of the 
quotient H^{T,Gln{C))gs = Rep//Gln{C) correspond to isomorphism classes of 
semisimple representations o/F into GZ„(C). 

We will need a description of the character variety from a Cech point of view. Let 

X be a connected topological space with a finite Lcray cover U = {Uq, Ui, . . . Un}- 
The proof of following result will be given elsewhere. 

Theorem 2.3. The set Z = Z^{U,GLn{C)) of constant Cech 1-cocycles has the 
the structure of (the complex points of) an affine scheme in a natural fashion. The 

group G = GZ„(C)^^'^ acts algebraically on Z such that two cocycles are cohomol- 
ogous if and only if they lie in the same G orbit. There is an isomorphism 

H\X,GLn{C))ss = ZI/G. 

Given a cocycle p G Z^{U,GLn{C)) , define the sheaf 

(C")p = keriU je.C^^^ n 3-»*C^J 

c a<b 

where ja-Ua ^ X etcetera are the inclusions and R{{xc))ab = Xa\uab ^ Pab^bluab- 
This is a locally constant sheaf of n dimensional vector spaces. The sheaves (C")p 
and (C")p/ are isomorphic if and only if p and p' are cohomologous. Furthermore 
any rank n locally constant sheaf of vector spaces is isomorphic to one of these spe- 
cial sheaves. Thus H^{X,GLn{C)) (respectively H^{X,GLn{C))ss) can be viewed 
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as the parameter space for isomorphism classes of (semisimple) rank n locally con- 
stant sheaves of vector spaces on X. 

Let R denote the coordinate ring of the afBne variety Z'^{U,GLn{C)). Each 
cocycle p determines a C algebra homomorphism evp: R C There is a universal 
cocycle {Uy} e Z^{U, GLn{R)) which satisfies evp{uij) = pij. If M is an i?-module, 
then we will write eVp{M) for M (gjj^ C with respect to eVp-. ii — > C. 

Proposition 2.4. There exists a finite complex of finitely generated free R-modules 
{V*, d) such that 

W{evp{V*),evp{d))^W{X, (C"),). 

for all p. 

Proof. We define 



Vio, 



R" if C/i„,...i„ ^ I 
otherwise. 



Let 



io<-"<»m-l 

with the differential of v = (wio,...i„_i) € V given by 



fe=i 

From the definition of (C")p it is clear that there arc canonical isomorphisms C" = 
H^{Ui,Cp). Thus we get a chain of isomorphisms (when Ui„^,,,i^ 0), 

evp{V,„,...,J = C" - H"{Ui„C;) - ffO(C/,„,...,„, C;) 

where the last map is just restriction. These maps define an isomorphism between 
{eVp{V'),eVp{d)) and the Cech complex C*{U,Cp). 

An element p G H^{X,GLn{Cj)ss determines an isomorphism class of locally 
constant sheaves with semisimple monodromy. We will denote a representative of 
this class by C^. Choose integers k, m, n. We define the cohomology support locus: 

S^(X,GL„(C)) = {peH\X,GLr,{C))ss\dimH^{X, (C")^) > m}. 

We write for S^(X,C*). 

Corollary 2.5. The set ll^{X,GLn{C)) is Zariski closed in H^{X,GLn{C))ss- 
Proof. As a first step, let us show that the set 

t = {pe Z^{U,GLn{C))\ dimH''{X,Cp) > m} 

is Zariski closed. From the above proposition, we conclude that p is in the above 
set if and only if 

rank{evp{d^~^)) + rank{evp{d^)) < rankV^ — m. 

Thus the E can be described in terms of the vanishing of certain minors of efp(9*~^) 
and evp{d^), and is therefore Zariski closed. This set is also GL„(C)'!^°- -^^ invariant, 
because H''{X,Cp) depends only on the isomorphism class of Cp. Therefore the 
image S is Zariski closed. 
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II. Exponentials of Hodge structures. 

Suppose that that X is the complement of divisor in a compact Kahler manifold. 
Then {X, Z) carries a special kind of mixed Hodge structure that we will refer to 
as a 1-Hodge structure. The principle aim of this chapter is to characterize subsets 
of H^{X,C*) = H^{X,'Z) (g) C* which arise as images of sub 1-Hodge structures 
under the exponential map exp: H^{X, C) H^{X, C*). This result will be applied 
to cohomology support loci in the last chapter. 

1. 1-Hodge Structures. 

A 1-Hodge structure is the same thing as a mixed Hodge structure of type 
{(0, 1), (1, 0), (1, 1)} [D]. It consists of: 

1) a finitely generated abelian group A. 

2) a subspacc W — Wi C Aq. 

3) a subspace = C Ac 

such that Wc = (Wc n F) ® {Wc n F) and Ac = Wc + F. 

The following is elementary. 

Lemma 1.1. There are bijections between the following sets of data: 

A) 1-Hodge structures, 

B) finitely generated abelian groups A together with a subspace W C Aq and a 
bigrading Ac = H°^ © H^° © if" satisfying H°^ = H^°, i?" = if" and Wc = 

C) finitely generated abelian groups A together with a subspace W C Aq, a 
complex structure J on Wr and a complementary subspace H^ to Wr C Ar, 
given by: 

(A ^ B): H^" = FnWc, H"^=FnWc, ff" = F n F 

(B ^ C): J corresponds to multiplication by i under the ^.-isomorphism 

Wm^Wc^ H^° 

and H^^ = iJ" n Ar. 

(C^ A): F = {+i eigenspace of J C) + H^^ C. 

With the obvious notion of morphism (homomorphisms of abelian groups pre- 
serving all the structure) the above sets become categories and the bijections induce 
isomorphisms between them. We shall be primarily interested in the case where 
the underlying group A is torsion free, and this will assumed from now on (unless 

otherwise indicated). 

Example 1.2. ( Hodge- Deligne [D] j Let X be a compact Kahler manifold and D C 
X a divisor with normal crossings. Let X = X — D then A = H^ {X, Z) carries a 
canonical 1-Hodge structure. 

By abuse of notation, we will say that a subspacc K C Aq. is a sub 1-Hodge 
structure of (L, W, F) if {L n K,W n K, F n Kc) is. By virtue of lemma 1, this 
is equivalent to requiring that W fl is a complex subspace of and = 
(VTr n Kk) + (H^^ n Km). For example W is clearly sub 1-Hodgc structure of A. 

We will show how to associate a torus to any 1-Hodge structure. The construc- 
tion generalizes that of the Jacobian of a curve and is a special case of the 1-motive 
of a mixed Hodge structure [D]. 
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Given a 1-Hodge structure A, set A* ~ Hom{A,Z), A\ = Hom{A,A) and 
F* = Hom{F,C). We can identify A* with a subgroup of F* via the composition 
A* ^ AJ ^ -F*. The map A| — > F* is injective because Ac = F+F, therefore A* is 
a discrete subgroup. Therefore J(A) = F*/A* is a Lie group, and in fact a complex 
torus since A* contains a basis oi F*. J clearly defines a contravariant functor from 
the category of 1-Hodge structures to the category of complex tori and analytic 
homomorphisms. The extension of 1-Hodgc structures W ^ A ^ A/W 
induces an extension of complex tori — ^ J(A/W) J(A) J{W) 0. The 
group J{W) is compact, and is isomorphic as a real Lie group to W^/ {W fl A)*. 
J(A/W')_is affine. 

If X,X and D are as (1.2), then 



is just the (generalized) Albanese variety Alb{X). After fixing a base point xq S X, 
we obtain a holomorphic map, the so called Abel-Jacobi map, a:X — > Alb{X) 
defined by 



2. The subtorus Theorem. 

Let A be a finitely generated torsion free abelian group. We will denote the 
homomorphism 



simply by exp. Ac* can be endowed with the structure of an algebraic variety in 
a very natural way, namely it can be identified with the set of complex points of 
spec C [A*]. Its Zariski tangent space at 1 is isomorphic to Ac via the exponential 
map exp. Thus the tangent space of any subvariety at 1 can be identified with a 

subspacc of Ac. 

When A is a 1-Hodge structure, we will say that a subset of Ac- is of exponential 
Hodge type if it is a union of a finite number of sets of the form exp(Tc + r) where 
T C A is a 1-Hodge structure and r G iAg. We will give a criterion for this at the 

end of this section. 

Lemma 2.1. There is a natural bijection between the set of affine subtori of Ac 
and the set of sub spaces of Aq. 

Proof. Given a subspace V C Aq, spec C[{A (1 V)*] defines an afiine subtorus 

of Ac*. More geometrically this torus is just exp(Vc) C Ac». Conversely given a 
subtorus X C Ac-, Tx.i H Aq is a subspace. These are inverse processes. 

Let Ac = i?i ® -R2 © • • • .Rn be a decomposition into real subspaces. A subset of 
5 C Ac will be called i?i-stable with respect to the above decomposition provided 
that if .s = ri -I- . . . r„ G 5*, with G Ri, then eri + s G S for all suflaciently small 
e e R. V C Ac* will be called i?i-stable if exp"i(V^) is. 

Lemma 2.2. Given v & Ac and e > 0, the Zariski closure of the image of (— e, e)v 
under exp is an affine subtorus of Ac, . In particular this set is independent of e. 

Proof. Let V{e) = exp((-e, e)w). Clearly V{e)-'^ = V{e) and V{e/2).V{€/2) = 
V{e). By continuity, the same properties hold for the closures (denoted by C . . .). 



JiH\X,Z)) = 





(mod periods). 



exp 01: Ac — > Ac* 
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As the Zariski topology is noetherian, 

Cy(e/2") =Cy(e/2"+i) 

for some n > 0. Thus Cy(e/2") is connected subgroup, or in other words an afEne 
subtorus. In particular, as this set is closed under multiplication it must contain 

l/(e) = y(e/2")2". 

Remark. By the same reasoning, we see that the Zariski closure of the image of 
an open ball in a real subspace of Ac under cxp is also an affine subtorus. 

Let us call a decomposition into M-subspaces Ac = -Ri © -R2 © -R3 admissible 
provided that Ac = R\®R\®R2®iR2 and Rzf\iRz = 0. For such a decomposition, 
we have 

dim^Ri + dim]giR2 = dimf^Ry, = dime Ac- 

Lemma 2.3. Given an admissible decomposition as above, let S Q T Q Ac be 
complex subspaces such that T = ^Tniii, Tn {Ri + R2) C S and S = S. Then 
S = T. 

Proof. As 

(Tni?3)©i(rni?3), 

we obtain dimM.T/2 > dim^T fl -R3. Therefore, since T = Y^T r\ Ri, we obtain 
dim^T/2 < dim^T n -Ri + dim^T n i?2- On the other hand the inclusion 

(rni?i)© (ttTro © (rni?2) ©«(rni?2) c s 

implies an inequality dim.f^S/2 > dim.^T{^Ri +dim^Tf\R2. Combining these shows 

that dimBiS > dim^T which forces equality. 

Theorem 2.4. Suppose that Ac = i?i©i?2©-R3 is an admissible decomposition. Let 
V C Ac» he a Zariski closed subset which is R\ and R2 stable. Then any irreducible 
component of V is of the form exp(T + r) where T is a raiionally defined linear 
subspace of Ac such thatT = ^Tni?i, andr € R3. In particular, each component 
is a translate of an affine subtorus. 

Proof. Let V be an irreducible component of V. Choose a smooth point u G V 

not lying on any other component, and let U = u~^V'. Let T C Ac be the tangent 
space to ?7 at 1. Given a vector v gT, decompose it as V1 + V2+V3, where Vi G Ri. 
Choose a C°° curve 7: (— e, e) — > Ac such that 7(0) = 0, 7'(0) = v and the image 
of cxp 07 lies in U. We can decompose ^{t) = 71 (i) + 72 (i) + 73 (i) with respect 
i?i,i?2 and R3. By assumption for any \t\ < e, exp(si7i(f) + S272(i) +73(i)) G U 
for all Si close to 1, and therefore for any Sj e M by lemma 2.2. This implies that 
Vi £ T, in other words that T is compatible with the decomposition into the sum 
of Ri- Furthermore, after taking si = S2 = 1/t above we obtain 

exp(t;i + V2) = lim exp(7i(i)/i + 72(^)7^ + 73(i)) € U. 

That is exp(T n (i?i + R2)) is contained in U, and its Zariski closure S' is an 
afRne subtorus (by the remark following 2.2). The tangent space S to S' at 1 is a 
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complex subspacc of T satisfying the conditions of lemma 2.3. Therefore S = T, 
and consequently U is the subtorus exp(T). 

If we, write u = exp(ri+r2 + r3) with n e then from the preceding discussion 
y = exp(T + r3). 

Suppose that A is a 1-Hodge structure then 

Ac = e e zAm 

is an admissible decomposition. 

Corollary 2.5. Let K be a l-Hodge structure and let V C Ac* be a Zariski closed 
subset which is and stable. Then V is of exponential Hodge type. 

Proof. By the theorem any component of V is of the form exp(T + r) with r 
imaginary and T a rationally defined subspace satisfying 

T = (if 10 n T) e {Hi^ n T) e iT^. 

Therefore the space 

S = {H^° n T) + {H°^ n T) + (if" n T) 

satisfies the conditions of lemma 2.3, and so T = S which implies that T is a sub 
1-Hodge structure. 

III. C-MixED Hodge Theory. 

In this chapter we introduce the concept of a C-mixed Hodge structure, which 
arises from the usual notion by forgetting the underlying real structure. A detailed 
development of the basic theory will be presented elsewhere. However the essential 
features of the theory (to the extent required here) will be summarized in the first 
two sections. The last section contains the key technical results that will be needed 
in the next chapter. 

1. C-Mixed Hodge structures. 

We follow the standard convention that a filtration with superscript is decreas- 
ing, otherwise it is increasing. Any formula involving decreasing filtrations can be 
converted to one involving an increasing filtration by setting Wn = W~". A C- 
mixed Hodge structure is a finite dimensional vector space H together with three 
filtrations {W,, F' ,C') which are opposed in the sense of Deligne [D 1.2], i.e. 

GrPpGr^Gr^H = 

when p + q ^ n. The terminology is a little nonstandard but seems justified as 
any mixed Hodge structure can be regarded as C-mixed Hodge structure after 
forgetting M-structure and setting C = F. The set of C-mixed Hodge structures 
becomes a category in the obvious way: morphisms are C-linear maps preserving 
all the filtrations. Deligne [D, 1.2.10] shows: 
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Theorem 1.1. The category of €. -mixed Hodge structures is abelian, and the fil- 
trations F, C and W are strictly preserved by morphisms i.e. the functors Grp, ... 
are exact. 

We say that H is pure of weight n if Gr^H = H; this equivalent to state- 
ment that the filtrations F' and C* are n-opposecl. An ininic;diate corollary of the 
theorem is that a morphism between pure objects of different weights must vanish. 
Finally observe that if {F* , C* ) is n-opposed then (f , C*+'') is n — a — 6-opposed 

2. C-Hodge Complexes. 

We define a C-Hodge complex to be a quadruple {A* , F*,C*, W*) consisting of a 
bounded below complex of C- vector spaces A* with finite dimensional cohomology, 
together with three biregular filtrations on it such that: 

a) For each p, the filtrations on Gr^A induced by F and C are strictly preserved 
by the differentials. 

b) For each q, F and C induce 5-opposed filtrations on (A, W) = HP+i{Gr^A*). 
For example the De Rham complex A* of a compact Kahler manifold with Hodge 

filtration F, C = F and GryyA = A is C-Hodge complex. 

The notion of a C-Hodge complex will be globalized. If 5 is a sheaf on a topo- 
logical space X, Godement has constructed a canonical flasque resolution G*{S) 
[G]. For example 5" (5*) is the product of stalks of S viewed as sky-scraper sheaves, 
Q^{S) is applied to the cokernel of 5 — > G^{S) and so on. If 5* is a complex of 
sheaves set G*{S*) to the associated single complex. Then 

T{G*{S*)) is a canonical representative of MPS". If {S*, F*) is a bounded below 
complex of sheaves with a biregular filtration then {G'{S*),G'{F')) is a filtered 
acyclic resolution (see [D 1.4] for the definition). Thus 

{T{G{S)),T{G{F)) 

represents the direct image of {S,F) in the sense of filtered derived categories. 

This can be iterated in the presence of several filtrations to a obtain a multifiltered 
acyclic resolution, and this leads to a concrete representation for direct images for 
multifiltered derived categories. 

Call a trifiltered complex of sheaves (A, F, C, W) a cohomological C-Hodge com- 
plex provided that ^ is a bounded below complex of sheaves of C- vector spaces, the 
filtrations are biregular and {r{G{A)),T{G{F)), . . . ) is C-Hodge complex. 

The proofs of the following will be given elsewhere. The first result is an analogue 
of scholium 8.1.9 of [D] and the second is a slight refinement. 

Proposition 2.1. If {A, F,C,W) is a (cohomological) C-Hodge complex then the 
spectral sequence 

El\A, W) = HP+i{Gr^A) ^ HP+i{A) 

(resp. Ef^iA, W) = HP+«(Gr|^^) => MP+«(A)) 
degenerates at E2. 

Proposition 2.2. Let {A,F,C,W) he a (cohomological) C-Hodge complex and 

{D,V) another hounded below biregularly filtered complex (of sheaves) of C-vector 
spaces. Suppose that there is a morphism {F^,F^ fl W) {D,V) such that the 
sequence 

^ F'^+^Gr^v ^ F'^G'w ^ Gr^rD ^ 
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is exact. ThenE2{D,V) = Eoo{D,V) and H*{Gr%A) ^ H*{D) (resp. H*(Gr|,A) ^ 

M*{D)) noncanonically. 

3. Key Constructions. 

In this section, we give the basic construction used later on. Let i? be a com- 
mutative differential graded algebra over C. This means that i? is a graded vector 
space with an associative multiplication which commutes up to sign, and a degree 
one graded derivation d satisfying = 0. We will assume that R also possesses 
3 multiplicative filtrations Fji,Cii,Wji. Suppose that A is a differential graded 
i?-module filtered by a family of three differential graded submodules F',C', W 
such that -Fr-F' C etcetera. Furthermore, we will assume that {A, F, C, W) is 
a C-Hodge complex. Our construction depends on a fixed choice of integers a, b, N, 
with N positive, and two elements G F^nC'^nW-''-''+^ and ip € 
such that dO = and 9 — dtp G C^. Given all this data, we construct a tri- filtered 
complex C'ons{A,6,'(p). 

We will first treat the special case where = 0, as it is easier and it motivates the 
general construction. In this case 9 G F"' (iC^ (1 W~°'~^~^^R^ . As a graded module 
Con.s{A, 9, 0) is given by B" = (A")®^ The standard relations A 9 = and d{9 A 
a) = —9 Ada imply that S{ao, ai, . . . aN-i) — {dao, dai +9Aao,... daN-i+9AaN-2) 
is a differential on B. In other words, {B, 5) is the single complex associated to the 
double complex: 

A^ 
id 

^iV+l 

or more succinctly 

B = s{A-^A[l\-^...A[N]). 

Filter B by 

TPB = s{FPA FP+^All] ^ . . . FP+^^AIN]) 
CPB = s{CPA CP+^A[1] ^ . . . CP+^^A[N]) 

and 

W^B = s{WPA WP-^''+''^A[l] ... WP-^^''+^'^A[N]). 

In other words, (ag,... ,aAr_i) G if and only if G pp+^a £qj. etcetera. 

Cons(A, 9, 0) consists of B with these filtrations. 

Proposition 3.1. Cons{A,9,Q) is a C-Hodge complex. 
Proof. By construction 

Gr^B = s{Grl^Gr^^^''+'^^ . . . ) 

N 

fe=o 



AO A^ 
Id Id 
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N 

fe=0 

Thus T and C are strictly preserved by differentials of Gvy^B. Furthermore 

fe=0 

is g-opposed. 

We now consider the general case where f/' may be nonzero. We can form a 
complex B with filtrations T, W, C as before, however C^* is no longer a subcomplex. 
To correct this we define a new filtration C by (ao, . . . , cijv-i) S if and only if 
for each i, 

ai+i;ai-i + ...^aoGCP+"'. 
z! 

Set Cons{A,e,il)) = {B,J^,C,W). 
Lemma 3.2. is a subcomplex. 
Proof. Suppose (ao, ai, . . . ) e C^B" then 

(dai + 6 A aj_i) + Mdat^i + 6 A 0^.2) + . . . ^rfao 

11 

= dim + V-Oi-i + . . . ^ao) + {e- di;){ai_i + ... ^^ao) e (7^+'*' 
z! z — 1! 

because 9 — dip € C^. 

Lemma 3.3. C^Gr^B = C^Gr^B. 

Proof. Suppose (ao, • • -ajv-i) e then e As V e we 

have 

I — 1! 

Therefore 

g (JP+ib _j_ -^fc+l-i(a+b) 

if and only if 

I — 1! 

Thus 

CP n w'' + >v''+^ = CP n w'' + >v''+\ 

and the lemma follows by dividing both sides by W*^"*"^ . 
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Proposition 3.4. {B,J^,C,W) is aC-Hodge complex. 

Proof. The proof is similar to that of proposition 3.1. The filtrations W and 
satisfy 

N 

fc=0 
N 

fe=0 

By lemma 3.3, C and C induce the same filtration on Gr^B, therefore 

N 
fe=0 

The remainder of the proof is identical to that of proposition 3.1. 

We will now consider the case where i? is a commutative differential bigraded 
algebra and A is a differential bigraded ii-module. This means that R and A are 
bigraded with 2 anticommuting differentials d' and d" , respectively of bidcgrce (1, 0) 
and (0, 1), which satisfy Leibnitz rules. R becomes a differential graded algebra and 
A a differential graded module with total grading 

i?"= RP" 

p+q=n 

A"= API 

p+q=n 

and differential d = d'+d". For simplicity we will assume that i?^^ and A^'' vanishes 
for all but finitely many {p, q) and that 

i^fc = RP1 
p>k 

and 

F*^ = AP" 

Let 9 e C°nW°nR^°, (j) e C°nW-'^nR^°, and e W-^R°° be elements such that 
dO = d(f) = Q and (j) — dtp G C^. Choose A'' >> 0. Then we can construct C-Hodge 
complexes A = Cons{A,0,0) with a = 1 and b = 0, and B = Cons{A,(j),ij}) with 
a = h = 1 and the same N . To make this explicit set 

j^pqs _ j^pqs _ j^p+q,s 

with g = 1,2, . ..TV. Then 



^"=B"= AP"'. 

p+q+s=n 
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The filtrations T and W are given by 

-W^A = w^-'^A^'i" 

yy^B = Wk-2qjgpqs 

Define a map 

a e ifom(B*,y4*) = Hom{A',A') = i^om(^f«^ A'^) 

as the sum of identity maps ylP«" ^p+9,s = jpq^ ^ The map atyt* ^ A' can bo 
regarded as a map of complexes where A is equipped with the differential d + 9. 
Similarly cr: ^ A* is a map of complexes when A is given d + ^ as its differential. 
Define new filtrations 

V{b)''A^^ = T4^'=-(''+i)M'^' 

with 6 = 0, 1. Then 

ct(W'=^°«^) = V''{0)Ai' 
a{W''AP''^) C V*^+^(0)Af+«'* 
when p is positive. Therefore the sequence 

^ J'^GrlyA' ^ J^°GrlyA' Grv(o)^* ^ 

is exact. By a similar argument 

^ J^^Gr^v-S* ^ ^"Gr^v^* ^ Grv(i)e* ^ 

is also exact. Observe that GvyrA* is just A with d" + 9 as differential. Proposition 
2.2 implies that 

H'{Gr°j,A') = H'{A';d" + 9) 

and 

i?*(yl*;rf + 6l) 

are isomorphic. Furthermore the spectral sequences abutting to either group with 

degenerates at E2. Similarly 

H*{A*;d" + <l))^H*{A*;d+cl)), 
and that the spectral sequence associated to V(l) degenerates at £2- 
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Proposition 3.5. If W{A';d + 6 + (p) then W{A';d + (p) ^ 0. 

Proof. Let S = d + 6 + ^0TS = (l) then there are spectral sequences 

£;f (5) = iff+«(Gr^(i)^*) HP+''{A',S). 
The El differential is just the connecting map associated to 

- Gr^+^)(A-,<5) - ViinA',S)/Viir+'iA',S) ^ Grl+^^iA'J) - 0. 

As 6V{iy C V(l)^"'"^, the exact sequences associated toS = d + + (l)oiS = 4> 
coincide. Thus the E2 terms of the two spectral sequences agree. The hypothesis 
implies that Bf'* ''(0) = -Ef'*~''(V + ^ + ^) 7^ for some p. The proposition follows 
from the equality £'2('/>) = -Eqo (</>)• 

Finally, we will globalize these results. The notation will be almost the same 
as before, but we will repeat it for clarity. Let R" be a sheaf of commutative 
differential bigraded algebras and A a sheaf of differential bigraded iZ-modules with 
differentials d' and d" of types (1,0) and (0,1) respectively, and total differential 
d = d' + d" . We will assume that R^'^ and A^'^ vanish for all but finitely many 
{p,q). Define 

p'>k 

and 

F*^ = AP'i. 

p>k 

Let Cr, Wr be additional multiplicative filtrations on R. Let C, W be compatible 
filtrations on A (i.e. CJjC-' C C*+-' etc.) such that (A, F, C, W) is a cohomological 
C-Hodge complex. 

Theorem 3.6. Let 9 e iJ"(C" nW"n i?i°), <j) € iJ"(C° n W''^ n R^°) and ij) e 
i?°(H^-ii?°°) he elements such that de = d(p = and (p - dtp = 0. Then 
1) 

H*(A*; d + 6)^ W{A'- d" + 6), 

and furthermore the spectral sequences converging to either hypercohomology group 
associated to V(0) degenerates at E2. 
2) 

W{A';d + (p)^B*{A*d" + (p), 

and furthermore the spectral sequences converging to either hypercohomology group 
associated to V(l) degenerates at E2. 

3) IfW{A*-d + e + <p)i^Q thenW{A*-d + (p)i^Q. 

IV. Hodge Decomposition for Higgs Bundles. 
In this chapter, we will establish the quasi-isomorphisms 

H* {n\ (log D)®V\V + e) = W{n*^ (log D)®V]e) 

stated in the introduction. This should be viewed as a strong generalization of the 
classical Hodge decomposition which corresponds to the case where (V, V, 6, D) = 
(Ox, d, 0,0). 
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1. Real Analytic Log Complex. 

Throughout this chapter, let X denote a compact Kahler manifold, D C X a. 
reduced divisor with normal crossings, and X = X — D. Let j: X = X — D ^ X 
be the inclusion. The complex fl^ [logD) is filtered by the stupid filtration F and 
the weight filtration 

Wkn\{logD) = f2^'= A Q.\{logD). 

Navarro Aznar [N, sect. 8] has defined a related complex A*^{logD) consisting of 
differentials which arc real analytic on X — D with certain allowable singularities 
along D. A*^{logD) is the algebra over the ring of real analytic functions gener- 
ated by the real analytic differentials and log\f\, Redf / f,Imdf / f for any (local) 
holomorphic function / vanishing along a component of D. The useful feature of 
this complex is that it stable under complex conjugation. It has a bigrading 

A"j^{logD)= APy>{logD) 

p+q=n 

by {p, q) type, and as usual the exterior derivative d breaks up into a sum of 
operators d + B of degrees (1,0) and (0,1) respectively. It has a multiplicative 
weight filtration defined by 

WkA'SilogD) = *m(A|(logI)) A A^-" ^ A^{logD)) 

where A^ is the complex of real analytic forms. There is a residue map: 

Resk:WkA^{logD)^A^^'' 

where D'^ is the disjoint union of fc-fold intersections of components of D. Suppose 
Zi is a system of local coordinates such that D is defined by the vanishing of the 
product of the first d coordinates. If I is the finite set of integers consisting of 
ii < i2 < ■ ■ - in, let us write 

dzi/zi = dzi^/zi^ A . ..dzi^jzi^. 

The residue map is determined by the rules: Resk is additive, if w is a product of an 
analytic differential a with dzi/zi and dzj/zj with / n J = and card{I LI J) = k 
then Resk{u)) is ±Q:|{];] 2j=o}) otherwise if w is sum of terms which not of the 
previous type then Resk{uj) = 0. See [N p45] for the precise rule concerning signs 
which is given as an explicit function s{I, J). 

Suppose that D = T + N, then we can define a partial residue: 

Res'k-. WkA^ilogD) ^ AJ^,-''{logN n T^), 

by modifying the above rule. Suppose T is locally defined by zi . . . 2;* = 0. If w is 
a product of differential forms a, dzj/ zj and dzj/zj, where a has no singularities 
along T and /, J are disjoint subsets of {1, ... such that card{I U J) = k, then 

Res'^{uj) = e{I, J)a|{n ztU^i=o}- 
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Let (i, V) be the Deligne extension of a line bundle with a unitary flat connection 
as in section 1 of chapter I . Let T be the union of components D about which V 
has trivial monodromy, and let N = D — T. The connection V extends to graded 
derivation of A'^i^ogD) (g) L such that — 0. The (0, 1) part of V is just the 
Cauchy-Riemann operator d, we define d = V — 5. Thus we obtain a double 
complex A*^{\ogD) ® L. We define a new weight filtration by 

Wfe(A|(logD) ® X) = image{A'^-'' {log N) A A|(log£») ® Z ^ A^(log£>) ® L) 
We define a residue map 

Resk-. Wk (A^(log D)^L)^ A:^,-\log AT n T'=) O L|r. 

by 

Resk{ct (S) A) = Res' (a) (8) Al^ic . 
We define additional filtrations 

pPA'j^ilogD) ® Z = A^«(logD) ® L 

F«A^(logZ)) ® Z = AP/{logD) ® Z 

The following properties are immediate from the definition: 

a) Res commutes with d and with lo ^ Auj for any analytic form 9. 

b) If we write F^Wk = C^Wk then 

Resk{FPWk{A)^{logD) ^ L)) C Ff-'=A'fe(log7V nT^) ® Z[-fc], 

and a similar formula holds for . 

All of this can be carried out for higher rank bundles at the expense of more 
notation. Let {V , V) be the Deligne extension of a holomorphic vector bundle with 
unitary flat connection. Let V be the corresponding unitary local system on X. 
On D'^ — there are unitary flat bundles (Vfc, Vfe) corresponding to the local 

systems 

Vfe = ifc*V|£)fc_c)=+i, 

where jk'D'^ — D'^'^^ ^ D'^ is the inclusion. Furthermore 14 is a subbundle of 
the restriction of V to D'' - D'^+'^ [T]. The double complex ^^'(logD) ® V can 
be constructed with filtrations F and F as above. The definition of the weight 
filtration is more involved. The basic idea is that since V is unitary, the local 
monodromy around D can be diagonalized. Therefore iy , V) is locally isomorphic 
to a direct sum of unitary flat line bundles. There is one and only one way to choose 
a filtration 

Wk{A\{logD)(^V) 

so as to coincide locally with the direct sum of the Wfe's for each line bundle. In a 
similar fashion a residue map 

Resk- Wk{AJ{logD) F) ^ Wa{A^^\logD''+^) ® Vk) 
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can be defined so that the above properties hold. 

The complex of holomorphic differentials is a subcomplex of A'^ (log D) ®L via 

n)^{\ogD) ®V = ker{d:A'^ {log D) ®V ^ A'^ilogD) ® V). 

The filtrations W andf F restrict to this subcomplex. Note that F restricts to the 
stupid filtration, and 

WkO.\{iogD) o y = Wfe n n\{\ogD) o v 

is the weight filtration defined in [T]. 

Theorem 1.1. The bifiltered complexes {A'^{logD)iSiV,W,F) and (0*^ (logD) (g) 

V, W, F) are bifiltered quasiisomorphic. 

This was proved by Navarro Aznar [N, 8.8] when F is a trivial line bundle, and 
the general case goes through with only a few modifications which we will briefiy 
indicate. The main point is to prove the exactness of 

^ Wfc(0^(logL>) ®V)^ Wk{Af{logD) ® V)^Wk{Af {log D) ®V).... 

First we have to set up the notation. The problem is local, so we can replace X 
by small coordinate neighbourhood of a point 0. We can also assume that {V, V) is 
a sum of flat line bundles. We may further reduce to the situation where V is itself 
a line bundle, which can be assumed to be trivial (although V need not be). We 
decompose subdivisors D = N + T as above. Let Zi be a system of local coordinates 
such that N = {zi . . . Zn = 0} and T = {z„+i . . . Zt =0}. To avoid a conflict of 
notation, we will let 

W'kA^{logD) = im(A|(log£») A ^ A^{logD)) 

WkA^{logD) = im(A|(log£») A^^-'=(logAr) ^ A^{logD)). 

Note that W is denoted by W in [N] . Let us call a diflFerential form basic, if it can 
expressed as 

aAlJaogNlf'— 

with a analytic and not divisible hy Zi, i € I or zj, j € J. Define its Ith weight 
of the above form as 

' h if / ^ / U J 

< ki + 1 iilelUJ-InJ 

ki + 2 otherwise 

Define the T- weight of a basic form to be the sum of Ith weights with / € {n+1, . . .t} 
By assumption the elements in (log D) are sums of finitely many basic forms. 
Furthermore a form lies in Wk if and only if it is a sum of basic forms with T- weight 
at most k. A simple calculation shows that if /? is basic then 9/3 is either zero or a 
sum of basic forms with the same ith weight as p. 
Suppose that q> and that 

a e WkAP^{logD) C WU^A^^{logD) 

satisfies da ~ 0. Then Navarro Aznar [N] shows that a = 8(3 with /? G W^_|_^A^(log D). 
Let be the sum of basic components of (3 which lie in W^. Then /3" = f3 — (3' 
is a sum of basic forms with T- weight greater than k. Therefore dfi" = 0. Thus 
a = d/3'. 
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Proposition 1.2. There are quasiisomorphisms induced by the residue map 

Res:Gr^{A'^{logD) (g)V)^ W^o(^^. (log ® %)[-% 

Res{FPGr^(A*^{\ogD) (giV)^ FP-''Wo{A]j4\ogD''+^) O Vk)[-k], 

Res{FPGrf{A\{\ogD) ®V)^ FP-^Wo{A*jj^{\ogD^+^) ® Vk)[-k]. 

Proof. It suffices to prove the second isomophism, since the first is a special case 
and the third follows by conjugation. We will prove the equivalent statement 

Res:GrlGrf{A'^{\ogD) ?) ^ Grr^WoA^.(log£)*=+i) V\k[-k]. 

By theorem 1.1 it suffices to establish that Res induces an isomorphism 

Gr^ (II J (log i?) t/) - M^o(f^r^'(logD'=+i) t4), 

but this is proved by Timmerscheidt [T, 1.7]. 

Finally, a straight forward modification of the arguments of Timmerscheidt [T, 
Tl] shows that: 

Theorem 1.3. (A*^(logI?) ® V ,F,F ,W) is a cohornological C-Hodge complex 

The idea is as follows. By theorem 1.1 and work of Timmerscheidt, the «th 
cohomology of Wo(A^fc (log 0*^+^) (g) Vk) is isomorphic to the space iI'2)(-C'^, 14) 
of harmonic ^-valued i-forms satisfying growth conditions with respect to a 
suitable Kahler metric on D'^ — [Z, sect 3]. The Kahler identities imply a 

decomposition into {p, q) type 

and 

Furthermore, under the above isomorphism 

WiF"^WoiA'^.{logD''+^)^Vk)) = ®p>mHf^-P{D\Vk). 

As V carries a unitary metric, we can identify V* with the complex conjugate of 
V, therefore 

w{F"'Wo{Ai4\ogD''+') Vk j) = ©,>™i^i27■'(i^^ Vk). 

Thus F and F are strict and induce i-opposed filtrations. This together with 
proposition 1.2 concludes the argument. 

2. Main theorem. 

Let (t^, V) be the Deligne extension of a unitary flat vector bundle on X. A 
section 

e e H^{n\{logD) O End{V)) 

is called a Higgs field if ^ A ^ viewed as a section of n^{logD) End{V) vanishes. 
Given a Higgs field, the graded sheaf f7*^(logZ)) V becomes a complex with 
differential ^ i— » A ^. ^ is closed with respect to the induced unitary connection 
on End{V) by theorem 1.3 of chapter I. Therefore ^ i-^ (V + ^A)^ gives a second 
differential on f2^(logZ)) (g) V 
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Theorem 2.1. // 

9 e H°{fl)^ ® End{V)) 
is a holomorphic Higgs field then there are noncanonical isomorphisms 

H* (O^ (log D) (S)V;e)^ H* (O^ (log £>) F; V + 6/) 

Proof. This will follow from the results of section 3 of chapter III. Let R" be the 
subalgebra of A'^{logD) (g) End{V) generated by A'^{logD) (g) Id and 10 6*. This 
is a commutative differential bigraded algebra. Set A** = A"(logD) ^V,d'~d 
and d" = 8. The first part of theorem of 3.6 of the indicated section implies that 

e*(A^(log£)) O y; V + 61) S H*(A^(log£>) F; 9 + (9). 

Theorem 1.1 of this chapter implies that 

(n^ (log D)^V;W + e)-^{A*j^ (log D)^V;W + e) 

and 

{Cl'x (log D) O y ; 61) (^^ (log £1) y ; a + 61) 
are quasi-isomorphisms. So the theorem is proved. 
Corollary 2.2. IftGC* then 

H* (ri*^ (log I?) (g) y ; V + 6*) ^ H* (f)*^ (log £)) ; V + 16') 

It would be very interesting to allow the Higgs field to have poles. We will take 
a small step in this direction which will be needed in the next section. Let 

$ e H^\X,C) = F'^ nF'^H\X,C)■ 
T]len there exist differential forms G H^{Sl^ {log D)) such ^ and ^' both 
represent 

Lemma 2.3. There exists tp e H°{WiA°^{logD)) such that dtp = (/)- ^' . 

Proof. As H*(X) = H*{A*^{logD)), 4) - i' = d^P some ip G H°(A°^{logD)). 
Let Zi be local coordinates such that D is defined by ^i...^;^ = 0. Then tp is a, sum 
of nonzero terms of the form 

fk,...k,l[(^Og\Zi\)''^ 

with fki...kd analytic. The sum of derivatives of these terms lies in Wi if and only 
if fcj < 1, which implies that tp G Wi. 

Theorem 2.4. // {L, V) is the Deligne extension of a unitary flat line bundle on 
X, there is a noncanonical isomorphism 



m* (O^ (log £)) O L; ^) ^ e* (O^ (log £1) (g) L; V + ?!>) . 
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If 6 is a holomorphic 1-form on X such that ff(f2^(log £>) ^ L,V + + (p) 
then W{n*j^{logD) O Z, (^) ^ 0. 

Proof. Set R" = A*^{logD) A" = A*^{\ogD) ®L,d' = d and d" = B. Theorem 
of 3.6 of chapter III impHes that 

H*(A^(logD) O Z; V + (/)) ^ W{A\{\ogD) ®L-d + <!>). 

It follows from theorem 1.1 that 

(0^(logD)®L;V + (/)) ^ {A'^{\ogD)®L-y + (t>) 

and 

{n*^ (log D) ®U<i>)^ {A\ (log D)®Ud + <i>) 

are quasi-isomorphisms. This implies the first part of the theorem, and the second 
part is similar. 

Corollary 2.5. IfteC* then 

H*(i7^(logL») ® Z; V + 0) ^ H*(n^(logD) (g) Z; V + 

V. Structure of Rank One Loci. 

Let X be a compact Kahler manifold, D C X a, divisor with normal crossings, 
and X = X — D. A second Kahler compactification of X which dominates X will 
be called an enlargement of X. 

Theorem 1.1. // the mixed Hodge structure on _ff^(X, Z) is pure then for each 

pair of integers fc,m > Sj^(X) is of exponential Hodge type. 

Proof. We use the criterion of chapter II corollary 2.5. Corollary 2.5 of chapter I 
implies that S'^(X) is Zariski closed. If H^{X,Z) is pure then either it has weight 
one (so that H^^ — 0) or weight two (so that = 0). The stability follows from 
corollaries 2.2 and 2.5 of chapter IV. 

Remark 1. A sufficient condition for H^{X,Z) to be pure of weight one is that 
X has a possibly singular compactification whose boundary has codimension 2 or 
more. H^{X,Z) is pure of weight two if H^{X,C) = 0. 

Remark 2. By the same sort of argument as above, S^(X) n H^{X,C*) is of 

exponential Hodge type. 

Corollary 1.2. // either X = X or H^{X,C) = then for each integer k > 0, 
there exists a finite number of unitary characters pi £ H^{X,C*), and holomorphic 
maps into complex tori ff.X^Ti such that 

^t{X) = \Jp,f*H\T,,C*). 

i 

Proof. E^(X) is expressible as a union of finitely many afRne tori of the form 
exp(Aj (g) C + Tj) where Aj C H^{X, Z) is a sub 1-Hodge structure, and e Aj (g) M. 
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Let Pi = exp(ri), Ti = J{Ai) and be the composition of the Abel-Jacobi map 
with the projection Alb{X) Tj. 

By a curve, we will mean a compact complex curve with finitely many points 
removed. Let us call a holomorphic map f: X ^ C to a smooth curve admissible 
if it is surjective, and there is an enlargement n: X ^ X such that / extends to a 
holomorphic map f: X ^ C with connected fibers onto a smooth compactification 
C of C. Wc will need the following generalization of the Beauville-Castelnuovo-De 
Franchis lemma [B2, 2.1]. 

Proposition 1.3. Let L be the Deligne extension of a unitary flat line bundle 
L = Ox (S) on X and 6 G H^{flj^{\ogD)). Suppose that the sequence 

H°{X,L)-^H°{X,n\{\ogD)®L)-^H°{X,^\{\ogD)®L) 

is not exact. Then there exists an admissible holomorphic m,a,p f:X C onto a 
nonsimply connected smooth curve such that ip G pf*H^{C, C*). where p is torsion. 
After enlarging X so that f extends to f: X ^ C , we also have 9 G f* H^\C, 
C)). 

Proof. The argument is very similar to the proof of [B2, 2.1]. By hypothesis, 

there is a nonzero form a G H'^{X, il^(log D) (g) L) such that 6* A a = 0; if Z = Ox 
then a can be chosen to not be a multiple of 9. The relation A a = implies that 
there exists a meromorphic section (} oi L such that a = 6 ® (i. By theorem 1.3 
of chapter I, Va = and d9 = 0, where V is the unitary connection on L. Hence 
9 AV (3 = 0. This implies the existence of a meromorphic function g on. X such that 
V/3 = gO ® (3. Consequently 

dgh9®l3 = dgh9®l3 + g9hVI3 = = 0. 

Which implies dg A 9 = 0. 

Suppose that g were constant. Then a = y{(3/g). Since a is holomorphic, j3/g 
must holomorphic as well. This would imply that its derivative a must vanish (by 
1.3 of chapter I); this contradicts the hypothesis. Therefore g is a nonconstant 
meromorphic map X — — > . Hironaka's theorem implies that there is a nonsin- 
gular blow up tt: X — > X such that qo-k extends to a holomorphic map g:X — > P^, 

and such that D = Tr~^D is a divisor with normal crossings. Let X^C Pi be 
the Stein factorization of g. The relation dg A 9 = implies that 9 = tt*9 vanishes 
along the general fibers of /. Therefore 9 is the puUback of a meromorphic differ- 
ential form from C which must necessarily have logarithmic singularities. So there 
exists a divisor E C C, with f~^E C I), and a form 9' S H°{C ,^]=,{logE)) such 
that 9 = f*9'. The curve C = C — E is not simply connected because it carries 
nonzero logarithmic 1-form 6'. If C is compact then it has positive genus, and in 
this case the fibers of tt map trivially to C, thus we may as well have taken X = X. 
In general, f{TT~^{X)) C C and we can assume equality holds after enlarging E. So 
when C is not compact, the fibers of the proper map 7r|^-i(x) must map to points 
in C. Therefore /|,r-i(x) descends to a holomorphic map f:X^C. Hence we can 
assume that X is an enlargement of X, and we now replace X by X and 6 by 9. 
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Finally we have to show that tp S pf*H^{C,C*) with p a torsion character. 
Let F be the general fiber of /-^(C) ^ C. Then im[Hi{F,Z) Hi{X,Z)] has 
finite index in ker[Hi{X,Z) Hi{C,Z)] by [Se,1.3]. Therefore ker[H^{X,C*) ^ 
H^{F, C*)] is a product of f*H^{C\ C*) and a torsion subgroup. Thus it suffices to 
show that the restriction of ijj to F is trivial. As a is nonzero, it will not vanish 
identically along a general fiber F. Furthermore 9 — f*9' will not have any zeros 
along F. Thus the relation a = ® jS, implies that j3 is nonzero and holomorphic 
along F. Consequently 

H'^iF n X, C^) ^ H\F, L\f) ^ 0, 
which forces V'|f to be trivial. 

Proposition 1.4. If ^ G ^^(^) nonunitary, then there is an admissible map 
f:X^C onto a nonsimply connected curve and a torsion character p such that 

^eprH\C,C*). 

Proof. Let be the union of components about which ^ has nontrivial mon- 
odromy. After replacing X hy X — N, we can assume that ^ has nontrivial local 
monodromy about all components of D. As explained in chapter II, 

H\x,c) = e Hi\x)) e V^{Hi\x) e h\x,r)). 

The first summand is the subspace of H^{X ,Q^{\ogD)) consisting of forms with 
purely imaginary residues. Therefore ^ can be decomposed as a product ^ = 
exp(6'' + + r), with 9' € + iJ^^, e V^H^^ and r e y/^H^X, K). After 
replacing (f) + r with translate by an element of H^{X,Z{1)) = 2Tr^—lH^{X, Z) 
we can assume that all the residues of (p are nontrivial. Set 9 = 6' + €(f) and 
ip = exp((l — e)(f) + r). For suitable real e, we can assume that is a nonzero ele- 
ment of H'^{X, Jl^(logL))) with nonintegral residues, and ^Z" is a unitary character 
with nontrivial monodromy about all components of D. 

Let L = Ox ® with flat unitary connection V, and let {L, V) denote the 
Deligne extension to X. The monodromy of the flat connection V — ^ is ^ by 
lemma 1.1 of chapter I. Therefore by proposition 1.2 of chapter I, 

(X, f2*f (logD) O Z; V + 61) ^ H^{X, Q) ^ 0. 

There is a spectral sequence converging to the left hand side with 

=iJ«(X,f]J(log2))®L) 

with differential di induced by 9 A (because V acts trivially on Ei). Therefore 
either ^ or E^^ ^ 0. The coridition E^° 7^ is exactly the hypothesis of 
proposition 1.3, thus after enlarging X there is an admissible map f:X^C and a 
torsion character p such that tP G pf*H'^{C,C*) and 6» e /*if°((7, 0^(log /(£>))). 
This implies that ^ e pf*H^{C, C*). 

Now suppose that £"2^ / 0. This means that there is a nonzero class a G 
H^{X,L) such that 9 /\ a ^ 0. By assumption (i, V) has nontrivial monodromy 
about the components of D. This implies 

Wo(fi|(log£)) ® = 0|(log£>) 
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By results of Timmerscheidt [Tl] (sec also chapter IV, section 1) , (X, O J (log D)(g) 
L) is isomorphic to the space of harmonic (p, q) forms on X satisfying growth 
conditions with respect to a suitable complete finite volume Kahler metric on X. 
Therefore a e i?°(X,Qi^(log£))oL-i) and 6* A a e 0^(log£>) O I-^) are 

forms. Let u) be the Kahler form, then the norm 

\\e^a\\^= [ 6'AaA^AaAa;*™^-2 = 
Jx 

Thus 6 A a — 0. Furthermore when L = Ox then a ^ cO with c € C*, since 
otherwise the norm 

||6l||2= [ 6* A ^ A = 0. 

Jx 

Therefore proposition 1.3 again shows that after enlarging X there is an admissible 
map f-.X^C and a torsion character p such that V'^^ G pf*H^{C,C*) and 
-e e rifO((7,f2^(log /(£>))). Thus e e p-^rH\C,C*). 

Let us call two admissible maps f:X^C and f':X C equivalent if there is 
an isomorphism a:C ^ C such that f = f o a. 

Lemma 1.5. The set A{X) of equivalence classes of admissible maps f:X^C, 

with C nonsimply connected, is at most countable. 

Proof. Any such map f:X—^ C is determined by a surjective homomorphism 
Alb{X) Alb{C), and there are only countably many such maps. 

Theorem 1.6. There exists a finite number of torsion characters pi e H^{X,C), 
unitary characters p'- and admissible holomorphic maps onto smooth curves /ji X — > 
Cj such that 

^\X)=[jpJ*H\a,C*)u[jpj 

i 

Proof. Let us write H{f,p) = pf*H\f{X),C*). Any isolated point of T,^{X) is 
unitary by proposition 1.4. Now suppose that F is a positive dimensional irreducible 
component oi E^{X). By proposition 1.4, V is contained in the union of H{f,p) 
with / G A{X) and p € H^{X,C*)tors- As an irreducible variety cannot be a 
countable union of proper subvarieties, it follows that V is contained in one of 
the varieties H{f,p). And we will show that they are equal. If C = f{X) is C*, 
then dim H^{C,C*) = 1 so that V = H{f,p). If C is an elliptic curve, then V C 
H{f,p) C iJi(X,C*) so V will be the exponential of the translate of nonzero sub 
Hodge structure of H^{C) by remark 2 above. Once again this forces V = H{f, p). 
In all other cases the topological Euler characteristic of C is negative, therefore 
H^iCXi) ^ for all i e H^{C,C*)- As the map H\C,Ci) ^ H^iX,Cf,^) is 
injective, H{f, 1) C Yl^X). Thus V = H{f,p) when p = 1. 

The remaining case when C has negative Eulcr characteristic and p 7^ 1 is 
similar. We first "untwist" p. As p is torsion, it lifts to a class p € H^{X,pj^) 
where /xjv — Z/A''Z is the group of A^th roots of unity for some integer A''. Let 
p:y — > X be a torser corresponding to p; it is an unramified cover with Galois 
group p,N, such that p*p = 1. From the exact sequence 

^ Hom{p.N,C*) Hom{ni{X),C*) ^ Hom{ni{Y),C*) 
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wc deduce that p corresponds to a character of ^J^N■ P^Cy decomposes, under 
the natural fiN action, into a sum of one dimensional local systems indexed by 
characters oi iin- Therefore acts naturally on 

for any tjj E (X, C*), and {X, Cp^,) is the pth isotypic component of {Y, Cp*^) 
Let dimp denote the dimension of the pth isotypic component of a /iAr-module. To 
prove the theorem, it will suffice to show that 

dimpH\Y,Cp,f,^)^0 

for any ^ € H\C,C*). Let Y-^B-^C be a "Stein factorization" of / o p, i.e. a 
Stein factorization of a fiberwise compactification. Then tt is a (possibly branched) 
fiN covering and g is ij,n equivariant. Choose finite triangulation A(C) of C\ so 
that the branch points of tt are among the vertices. Let A'(C) represent the set of i- 
simplices. Lift A(C) to a /^jv invariant triangulation A{B) of B. Let ^ G H^{C\ C*) 
and let 5" be the simplicial cochain complex associated to A{B) with coefficients 
in the local system C^»^. By additivity, the Euler characteristic 

Cp = Y,{-'^ydi'mpH'{B,Cn'i) = dinipS'. 

i i 

As /ijv acts freely on the edges and faces, 5Ms a free C[/ijv]-niodule of rank #A'(C), 
for z > 0. 5° is a direct sum 

®xeAo(C) ClflN/Gx] 

where Gx is the isotropy group of an element of 7r^^(.T). This implies that dimp(S^) < 
#A*(C) with equality when i = 1,2. Therefore Cp < which implies dimpH^{B, C,r»{ 
0. As Ctt'^) is a ^w-submodule of Cy/*^), the theorem is proved. 

It is now a straight forward exercise to generalize results concerning maps of 
compact Kahler to curves ([A], [B2], [C], [GL2]), to noncompact manifolds. We 
will say that a smooth curve is of general type if its topological Euler characteristic 
is negative. (This is equivalent to the ampleness of the log canonical bundle, so the 
terminology is consistent with standard usage.) For such a curve, H^{C,Cp) 7^ 
for all characters p. Given an integer b, let Ni,{X) be the cardinality of the set 
of equivalence classes of admissible maps to curves of general type with first betti 
number b. 

Proposition 1.7. If f:X ^ C is an admissible map to a curve of general type, 
then f*H^{C,C*) is a component of'E^{X). Conversely, any positive dimensional 

component o/S^(X) containing 1 is of this form. 

Proof. Given f:X^C satisfying the above hypothesis, f*H^{C, C*) is contained 
in a component of T,^{X) of the form g*H^{B, C*) for some admissible map g:X—^ 
B. This implies that there is a factorization Alb{X) Alb{B) — !■ Alb{C), and 
consequently a factorization X B C. As f has connected fibers, B = C. 

Conversely, any positive dimensional component of (X) is given by f*H^ (C, C* ) 
with f:X^C admissible. We have to show that C has general type. C is of not 
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of general type if and only if it is an elliptic curve or with at most 2 points 
removed. These examples will be ruled out by showing that S^(C) is infinite. It 
will suffice to prove that 

for infinitely many p, or equivalently (by the Leray spectral sequence ) that H'^{C, R^f,,C^ 
Cp) — for infinitely many p. There is a Zariski open subset j:U ^ C such 
that f~^U U is a locally trivial fibration. We claim that the canonical map 
R^f^,C — > j^,j* f^,C is injective. The injectivity can be checked at stalks around 
points of C — U. Choose a small disk A centered p G C — U , and let q G A — {p}. 
Then (ii^/*C)p = i/^(/~^(A), C) and {j*j*R^f*C)p is isomorphic the monodromy 
invariant part of H^{f~^{q),C). Consider the commutative diagram: 

il I 
HHA-{p}) - HHf-\A~{p})) - H\f-Hq)) 

Straightforward topological arguments show that bottom row is exact and i is 
injective. As / is surjective, we can find a continuous cross section a: A — > /~-^(A). 
The map from 7Ji(/-i(A)) to H^{A-{p}) factors through H^{A). Thus the image 
of ffi(/-i(A)) in ffi(/-i(A - {p})) is contained in ker[a\*^_^py]. Therefore r is 
injective and this implies the claim. Therefore 

H^iC,R\fX^Cp) =i?°(C/,i?V,C(g)Cp). 

We can regard the local system j*i?^/*C as a 7ri(J7)-module. Let gi,-..gn be 
generators for 7ri(C/). They act on the local system j*R^ft,C through linear trans- 
formations Ti, . . . T„. Then 

only if are eigenvalues of Tj. Therefore the above group vanishes for almost 

all p. 

Corollary 1.8. The number N},{X) is finite and depends only on the fundamental 
group. More precisely, if Y is a Zariski open subset of a compact Kdhler manifold 
with 7ri(r) = Tri{X), then Nb{Y) ^ Nb{X). 

Proof. The set 

= J:\MX)) = {p G Hom{Tri{X),C*)\H\Tri{X),Cp) + 0} 

clearly depends only on 7ri(X), and Ni,{X) is just the number of b dimensional 

components containing 1. 

Corollary 1.9. X possesses an admissible map on a smooth curve of general type 
if and only if tti {X) surjects homomorphically onto a nonabelian free group. 

Proof. The fundamental group of curve of general type is either a nonabelian free 
group or is isomorphic to 



< ai,. . .ag,bi,. . .bg\[ai,bi\. . .[ag,bg] = 1 > 
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with g > 2. The latter group surjects onto the free generated by ai,. . .Ug. This 
proves one direction. 

Conversely, if 7ri(X) surjects onto a nonabelian free group F then T,^{X) D 
Ti^{F). Therefore Ti^{X) has an infinite component containing 1. 

Let G' = [G, G] denote the commutator subgroup of a group G. Recall that 
the first homology of G with coefficients in the trivial G- module C is Hi{G,C) = 

G/G' C 

Corollary 1.10. If X possesses an admissible map to curve of general type then 
dimHi{Tri{xy ,C) = oo. If dimHi{7ri{xy ,C) = oo then there is a finite unramified 
abelian covering Y ^ X, such that Y possesses an admissible map to a curve of 
general type. 

Proof. Let M = Hi{wi{Xy,C) and A = Hi{X,Z) = wi{X)/ni{Xy . M has a 
natural A action coming form the group extension 

1 ^ wi{Xy Tri{X) ^ A ^ 0. 

In fact, M is a finitely generated C[A] module; thus it determines a coherent al- 
gebraic sheaf M on the character variety C*) = specC[A]{C) such that 
M = H^{M). Using the Hochschild-Serre spectral sequence, one can show that 
i?i(X,Cp) S Homt^{M,Cp) when p ^ 1 (see [Al pp. 541-542] or [B2, pp. 12-13]). 
Therefore 

T}{X)=suppMyj{l} 

when X has nonzero first betti number. Thus Y?-{X) is infinite if and only if 
dimM = oo. is infinite if X maps onto a curve of general type. On the 

other hand, by theorem 1.6, if T,^{X) is infinite then there is an abelian cover of 
Y ^ X which has an infinite component containing 1. Therefore Y possesses an 
admissible map onto a curve of general type. 
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